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We study the non-Gaussian dynamics of a quasiclassical electronic circuit coupled to a mesoscopic
conductor. Non-Gaussian noise accompanying the nonequilibrium transport through the conductor
significantly modifies the stationary probability density function (PDF) of the flux in the dissipative
circuit. We incorporate weak quantum fluctuation of the dissipative LC circuit with a stochastic
method, and evaluate the quantum correction of the stationary PDF. Furthermore, an inverse
formula to infer the statistical properties of the non-Gaussian noise from the stationary PDF is
derived in the classical-quantum crossover regime. The quantum correction is indispensable to
correctly estimate the microscopic transfer events in the QPC with the quasiclassical inverse formula.
I. INTRODUCTION
Nonequilibrium fluctuation in mesoscopic conductors
has been intensively studied in both classical and quan-
tum regimes because the fluctuation has essential infor-
mation on the nonequilibrium transport1,2. Owing to the
rapid progress in nanotechnology, it becomes important
to address the current distribution beyond the Gaussian
one. In the classical regime, it is experimentally possible
to count the number of electrons which pass through a
conductor3,4. The achieved histogram characterizes the
microscopic transport processes. The current fluctua-
tion in quantum conductors has also been investigated in
terms of the full counting statistics5,6. The current dis-
tribution elucidates fundamental aspects of the nonequi-
librium properties such as the fluctuation theorem7–9.
Non-Gaussianity of nonequilibrium fluctuation has
been discussed in various classical systems such as
electronic circuits10,11, diffusive conductors12, chaotic
cavities13,14, granular particles15–17, nanomagnets18,
particles in dense collides19, and particles with long-range
interactions20. Recently, a universal mechanism of the
non-Gaussianity in such classical systems has been clari-
fied by Kanazawa et al.21. They considered a generic sit-
uation where a macroscopic classical particle is coupled
to multiple environments, and derived a non-Gaussian
Langevin equation even in the thermodynamic limit. The
existence of multiple environments is crucial for the non-
Gaussian dynamics of macroscopic systems because it en-
ables different origins of fluctuation and dissipation free
of the fluctuation-dissipation theorem. Otherwise, the
noise is reduced to be Gaussian in the macroscopic limit
according to the central limit theorem22. They have also
demonstrated that the sensitivity of the stochastic parti-
cle under the non-Gaussian noise can be utilized to probe
the properties of the attaching athermal environment21.
It is an interesting next step to apply the above dis-
cussion to quantum systems. Unfortunately, the non-
Gaussianities in the classical21,23 and quantum5,6 sys-
tems have been investigated separately so far, and the
unified understanding on the crossover regime has not
yet been established. This is not just of theoretical in-
terest because recent technology enables us to fabricate
electronic nanostructures with high precision. In partic-
ular, on-chip devices are promising systems to investi-
gate the non-Gaussian noise and its quantum effect in
a well controlled manner24–31. Each element of the elec-
tronic circuit is so small that quantum effects play impor-
tant roles. Moreover, fluctuation generated in one of the
circuit elements is coherently propagated to the rest of
the circuit because the elements embedded on the same
chip are strongly coupled with each other. Thus, system-
atic studies of quantum transport away from the classical
regime is necessary for such small quantum devices.
In this paper, we extend the classical non-Gaussian
stochastic equation to the classical-quantum crossover
regime. In order to proceed to concrete discussions, we
consider a dissipative LC circuit inductively coupled with
a quantum point contact (QPC). The LC circuit works in
the wide range of scales from the classical22 to quantum32
regimes. In the classical limit, the LC circuit behaves as
a stochastic particle which is subject to both the ther-
mal noise and the non-Gaussian noise generated by the
electronic transport through the QPC33. The system
can be also considered as a mesoscopic conductor with
a simple and realistic detector circuit to probe the cur-
rent distribution6,33–38. Away from the classical limit,
the quantum fluctuation which originates from the quan-
tum nature of the dissipative LC circuit becomes rele-
vant to the circuit dynamics. Hence, the problem should
be interpreted as that of a quantum Brownian motion
driven by the non-Gaussian noise. The quantum fluctu-
ation is described by non-Markovian contribution of the
Gaussian noise kernel, and is controlled by the quantum-
mechanical time scale and a phenomenologically intro-
duced cutoff frequency. We use a stochastic method to
describe the weak quantum fluctuation, and evaluate the
quantum correction of the stationary probability density
function (PDF) in the quasiclassical regime.
This paper is organized as follows. In Sec. II, we give
a microscopic description of the dissipative LC circuit
coupled to the QPC, and simplify the model by assum-
2Athermal
Thermal
FIG. 1. (Color online) Schematic of a dissipative LC cir-
cuit inductively coupled to a QPC and its interpretation as
a stochastic particle attached to the thermal and athermal
environments.
ing the separation of the time scales of the subsystems.
In Sec. III, the dynamics of the coupled system is for-
mulated based on a stochastic method. In Sec. IV, the
quantum correction of the stationary PDF is determined
by solving the Master equation. In Sec. V, the effect of
the quantum correction and the non-Gaussian noise is
numerically evaluated. We will summarize the results in
Sec. VI. In Appendix A, we give microscopic expressions
of the transition rates for electrons tunneling through the
QPC. In Appendix B, we present the partition function
of the stochastic model activated by the non-Gaussian
noise. In Appendix C, we derive the Master equation
corresponding to the non-Gaussian Langevin equation.
II. MODEL
A. Dissipative LC circuit coupled to a QPC
In this section, we introduce a microscopic model of a
dissipative LC circuit coupled with a QPC (Fig. 1). The
flux Φ, which is given by the time integral of the voltage
Vˆ across the inductor as Φ(t) =
∫ t
dt′Vˆ (t′), plays a cen-
tral role to describe the LC circuit. A superconducting
quantum interference device, which is a typical on-chip
device used in various experiments31,39–45, behaves as an
LC circuit when the Josephson coupling energy domi-
nates the charging energy32. In the superconducting de-
vice, the flux Φ is directly related to the phase difference,
which can be observed in terms of the voltage across the
junction. In order to describe the LC circuit attached
to a thermal environment, let us consider the Caldeira-
Leggett model46
SLC[Φ] =
1
2
∫
C
dzdz′Φ(z)G−1(z, z′)Φ(z′). (1)
The argument z is a combination of the real-time t and
the Keldysh index47,48 ρ = ∓. The forward and back-
ward branches of the Keldysh contour C are denoted by
C− and C+, respectively. The symbol
∫
C denotes the
integration over the Keldysh contour. It is convenient to
use the action in the rotated Keldysh basis
SLC[Φ
cl,Φq] =
∫
dtdt′
[
Φq(t)
(G−1)r (t, t′)Φcl(t′)
+
1
2
Φq(t)
(G−1)K (t, t′)Φq(t′)] , (2)
with the classical and quantum components of the
bosonic field, Φcl ≡ (Φ− +Φ+) /2 and Φq ≡ Φ− − Φ+,
respectively. We have introduced the retarded Green’s
function (G−1)r (ω) = C(ω2 − Ω2) + iJ(ω), (3)
with the capacitance C, the inductance L, the resonant
frequency Ω ≡ 1/√LC, and the spectral function
J(ω) =
σω
1 + (ω/ωD)
2 . (4)
Here, we assume the Ohmic damping with the conduc-
tance σ and the Drude cutoff frequency ωD. The Keldysh
component of the Green’s function in Eq. (2) is charac-
terized as (G−1)K (ω) = 2iJ(ω)coth(β~ω/2) (5)
when the thermal environment is in equilibrium at in-
verse temperature β. The quantum nature of the dissi-
pative LC circuit is solely incorporated in the fluctuation
as a consequence of the linearity of the system32.
The action of the QPC is composed of two parts48 as
SQPC[c¯, c; Φ] = S0[c¯, c] + ST [c¯, c; Φ]. The first term S0
describes noninteracting electrons in the leads;
S0[c¯, c] =
∑
i=L,R
∑
k
∫
C
dzdz′c¯ik(z)g
−1
ik (z, z
′)cik(z
′), (6)
where we have introduced the Grassmann field c¯ik (cik)
for the creation (annihilation) of an electron with the
wave vector k in the lead i = L,R. We do not con-
sider the spin degrees of freedom for simplicity. The
Green’s function in Eq. (6) is defined as g−1ik (z, z
′) =
δ(z − z′) [i~ ∂∂z − ǫik] with the dispersion relation ǫik for
i = L,R. The bias voltage V is applied to the leads,
which are assumed to be in equilibrium at inverse tem-
perature βQPC. The second term ST describes the elec-
tron hopping which is accompanied with an electronic
excitation in the inductively coupled LC circuit32;
ST[c¯, c; Φ] =
1
N
∑
k,k′
∫
C
dz
[
tLRe
ie
~
αΦ(z)c¯Rk(z)cLk′(z)
+H.c.] . (7)
Here, H.c. denotes the Hermitian conjugate of the first
term. The hopping amplitude between the left and the
right leads is denoted by tLR. The coupling constant
between the QPC and the LC circuit is given by α.
As the QPC action SQPC[c¯, c; Φ] = S0[c¯, c]+ST[c¯, c; Φ]
is quadratic in terms of the conduction electrons, we
3can exactly perform the Gaussian integration over the
fermionic degrees of freedom49. The action becomes
SQPC[Φ]
= i~
∫
C
dz ln
[
1− t2LRGLV [Φ]GRV †[Φ]
]
(z, z), (8)
where we have introduced the vertex operator
V [Φ] ≡ exp
(
ieα
~
Φ
)
. (9)
The integration on the Keldysh contour is abbreviated
as (AB)(z, z′) ≡ ∫C dz′′A(z, z′′)B(z′′, z′). The retarded
and the Keldysh components of the Green’s function
Gi(z, z
′) ≡ 1N
∑
k
gik(z, z
′) are, respectively, given by
Gri(ω) = −iπρi, (10)
GKi (ω) = 2πiρi(2fi(ω)− 1), (11)
where fi(ω) = 1/(exp [βQPC(ω − µi)] + 1) is the Fermi-
Dirac distribution of the lead i = L, R with the chemical
potentials µL = eV and µR = 0. The energy dependence
of the density of states ρi (i = L, R) is neglected in
Eqs. (10) and (11) for simplicity.
B. Quasistationary approximation
In this paper, we assume that a typical time scale of
the QPC is much shorter than that of the LC circuit. The
correlation time of the current fluctuation in the QPC is
governed by the bias voltage V and the inverse tempera-
ture βQPC, while the dynamics of the LC circuit is char-
acterized by the resonant frequency Ω and the relaxation
time C/σ. If the dynamics of the subsystems is well sep-
arated, we are allowed to consider an intermediate time
scale ∆t satisfying
min
(
~
eV
, ~βQPC
)
≪ ∆t≪ min
(
C
σ
,
1
Ω
)
. (12)
Within the quasistationary approximation14,30,33,50, we
can regard the vertex operator V [Φ] in the QPC action
(8) as a constant because the dynamics in the LC circuit
is almost frozen during ∆t. At the same time, ∆t is so
long for the QPC dynamics that the current fluctuation
in the QPC is characterized by the stationary distribu-
tion. This argument can be further substantiated by the
path-integral representation33,50 with the discrete time
stride ∆t. Thus, we find that the QPC action has the
same structure as the cumulant generating functional in
the full counting statistics5 as
SQPC[Φ
q]
= i~
∫
dt
∫
dω
2π
ln [1 + TLR [fL(ω)(1 − fR(ω))
×(e ieα~ Φq(t) − 1) + fR(ω)(1 − fL(ω))(e− ieα~ Φq(t) − 1)
]]
≡ −i
∞∑
n=−∞
∫
dtWn(e
ieα
~
nΦq(t) − 1), (13)
with the transmission coefficient TLR ≡ 4π2t2LRρLρR.
The last line of Eq. (13) defines the transition rateWn as
a coefficient of (e
ieα
~
nΦq(t) − 1) (see Appendix A for the
explicit expressions of the lowest-order terms).
With the action of the LC circuit (2) and the QPC
(13), we obtain the partition function
Z =
∫
DΦclDΦq exp
[
i
~
(
SLC[Φ
cl,Φq] + SQPC[Φ
q]
)]
.
(14)
The important point is that the QPC action no longer
depends on Φcl as a consequence of the time-scale sep-
aration. This indicates that the instantaneous current
through the QPC perturbs the flux in the LC circuit,
while the current distribution is not influenced by the
state of the LC circuit.
III. STOCHASTIC FORMULATION
In this section, we develop a stochastic method for the
QPC-LC coupled system by relating the partition func-
tion (14) with characteristic functionals of stochastic pro-
cesses within a quasiclassical approximation. It is found
that the electron transport in the QPC perturbs the LC
circuit with a compound Poisson noise, which is a typical
non-Gaussian noise. The thermal and quantum fluctu-
ations of the dissipative circuit can be incorporated in
the noise kernel. Asymptotic-scaling analysis of the non-
Gaussian stochastic equation is performed as a quantum
extension of Ref. 21. We reduce the non-Markovian dy-
namics of the quantum LC circuit to multivariate Marko-
vian processes by decomposing the quantum fluctuation
into exponentially-correlated auxiliary variables.
A. Characteristic functionals
The statistical property of the non-Gaussian noise pro-
duced by the QPC is completely described by a char-
acteristic functional. In order to recover the thermal
fluctuation in the classical limit48, we scale the fields as
Φq(t) ≡ (~/eγ)ϕq(s) and Φcl(t) ≡ (e/CΩ)ϕcl(s) with the
dimensionless time s ≡ Ωt and the dimensionless friction
coefficient γ ≡ σ/CΩ. The contribution from the QPC
in the partition function is given by
χNG[ϕ
q] ≡ exp
[
λP
∫
ds
[∫
dyw(y)
(
eiyϕ
q(s) − 1
)]]
,
(15)
where we have introduced the rate parameter λP ≡∑
n wn and the jump size distribution
w(y) ≡ 1
λP
∞∑
n=−∞
wnδ
(
y − nα
γ
)
, (16)
4with the dimensionless transition rate wn ≡ Wn/~Ω
(n ∈ Z). The functional χNG is identical to the charac-
teristic fuctional of compound Poisson processes51. The
physical processes behind the generation of the non-
Gaussian noise are explained as follows. The transport
processes in the QPC are composed of the independent
microscopic events where several electrons are transferred
in a short time interval. The probability for n electrons
transferred from the left reservoir to the right one is pro-
portional to the transition rate wn. According to Am-
pere’s law, the instantaneous current though the QPC
produces a magnetic flux whose amplitudes are propor-
tional to the current value. Due to the granularity of
electrons, the possible amplitudes of the non-Gaussian
noise induced in the LC circuit are integer multiples of
the unit amplitude α/γ. The statistical properties of
the non-Gaussian noise are characterized as the weighted
summation of these microscopic events.
The Gaussian fluctuation which originates from the lin-
ear coupling between the circuit and the thermal environ-
ment is described by the quadratic term48 in ϕq in the LC
action (2). This contribution is identical to the Gaussian
characteristic functional
χG[ϕ
q] ≡ exp
[
−
∫
dsds′ϕq(s)ν(s− s′)ϕq(s′)
]
, (17)
with the noise kernel32
ν(s) ≡ ~C
2
2e2σ2
∫ ∞
−∞
dω
2π
J(ω) coth
(
β~ω
2
)
e−isω/Ω. (18)
In the case of the Ohmic spectral function with the Drude
regularization (4), the noise kernel becomes
ν(s) =
T
γ
[
ωc
2
e−|s|ωc +
∞∑
k=1
1
(k/τωc)2 − 1
×
(
ωce
−|s|ωc − k
τ
e−k|s|/τ
)]
, (19)
where T ≡ C/e2β, ωc ≡ ωD/Ω, and τ ≡ β~Ω/2π are
the dimensionless temperature, the cutoff frequency, and
the quantum-mechanical scale, respectively. In the fol-
lowing discussions, the cutoff frequency ωD is assumed
to be much larger than the resonant frequency Ω, i.e.
ωc ≫ 1. In this regime, the first term on the right-hand
side (RHS) of Eq. (19) is reduced to the thermal noise
(T/γ)δ(s). The second term on the RHS of Eq. (19) de-
scribes the non-Markovian quantum fluctuation. In the
classical limit (τ = 0), the second term vanishes and the
noise kernel is solely determined by the thermal noise.
As will be shown later, the existence of the cutoff and
the exponentially decaying form of the second term is
important to discuss the quantum correction.
In the subsequent discussions, we focus on the over-
damped case (γ > 1). The partition function (14) is
written in terms of the two characteristic functionals
Eqs. (15) and (17) as
Z =
∫
DϕclDϕqχG[ϕq]χNG[ϕq]
exp
[
i
∫
dsϕq(s)
(
− ∂
∂s
− 1
γ
)
ϕcl(s)
]
. (20)
In the derivation the equation of motion of the LC circuit,
we have considered that the friction kernel becomes mem-
oryless under assumption of the large cutoff frequency
ωc ≫ 1.
B. Asymptotic scaling in the classical limit
In the classical limit, the partition function (20) leads
to the over-damped Langevin equation with the zero-
mean thermal noise η0 (Appendix B) and the compound
Poisson noise51;
∂ϕcl(s)
∂s
= − 1
γ
ϕcl(s) +
√
T
γ
η0(s) +
∑
i
yiδ(s− si),
(21)
〈η0(s)η0(s′)〉 = 2δ(s− s′). (22)
The statistical properties of the non-Gaussian noise are
characterized by the non-Gaussian characteristic func-
tional χNG (15). A set of the arrival times {si} obeys
the Poisson process with a rate parameter λP. Each am-
plitude of the noise yi is independent and identically dis-
tributed random variable with the jump size distribution
w(y). In our model, each amplitude takes nα/γ with
probability wn/λP.
The previous work21 pointed out that the non-
Gaussianity survives even in the thermodynamic limit
under the following three assumptions: (i) the amplitude
of the non-Gaussian noise is small; (ii) the friction co-
efficient γ is independent of the non-Gaussian-noise am-
plitude; (iii) the thermal noise is smaller than or of the
same order as the non-Gaussian noise. In our case, the
condition (i) is satisfied if there exists an integer nc ∈ N
such that (a) w|n|>nc/λP ≪ 1 and (b) ncα/γ ≪ 1. The
condition (a) holds at weak-tunneling regime (TLR ≪ 1)
because the transport processes where many electrons are
transmitted instantaneously are rare events. The condi-
tion (b) requires the characteristic amplitude ǫ ≡ α/γ of
the non-Gaussian noise to be small for dominant trans-
port processes. The conditions (ii) and (iii) are straight-
forwardly translated in our system. The condition (ii)
is satisfied because the friction coefficient γ is irrelevant
to the athermal environment. Besides, the condition (iii)
holds when the scaled temperature T ≡ T/ǫ2 is indepen-
dent of ǫ.
Following the previous work, we use the rescaled vari-
ables φ ≡ ϕcl/ǫ and Y ≡ y/ǫ to obtain the asymptotic
5Langevin equation
∂φ(s)
∂s
= − 1
γ
φ(s) +
√
T
γ
η0(s) + ηP(s), (23)
with the thermal noise η0 and the non-Gaussian noise
ηP(s) =
∑
i
Yiδ(s− si), (24)
characterized by the rate parameter λP and the rescaled
jump size distribution
W(Y) ≡ ǫw(y)
=
1
λP
∞∑
n=−∞
wnδ(Y − n). (25)
The existence of the non-Gaussian Langevin equation
(23) and its stationary solution have already been es-
tablished by the previous work21. In the path-integral
formalism, the stochastic differential equation (23) cor-
responds to the non-Gaussian action
S =
∫
ds
[
−φq(s)
[
∂
∂s
+
1
γ
]
φ(s) + i
T
γ
(φq(s))
2
− iλP
∫
dYW(Y)
(
eiYφ
q(s) − 1
)]
, (26)
with φq ≡ ϕq/ǫ.
C. Quantum fluctuation
The quantum nature of the dissipative LC circuit be-
comes relevant at low temperatures where the correlation
time β~ of the thermal environment is comparable to the
inverse of the resonant frequency 1/Ω. In the following,
we consider the regime where the quantum-mechanical
correlation time β~/2π is much larger than the QPC time
scales ~/eV and ~βQPC so that the quasistationary ap-
proximation (12) is applicable52 . It is still not necessary
to consider the memory effect of the friction kernel as long
as the cutoff frequency is sufficiently large (ωc ≫ 1).
The quantum effect is incorporated via the second term
on the RHS of Eq. (19), whose k-th term is
T
γ
1
(k/τωc)2 − 1
(
ωce
−ωc|s| − k
τ
e−k|s|/τ
)
. (27)
By applying the Hubbard-Stratonovich transformation,
we can decompose the quantum correction into mutually
independent auxiliary variables η+k and η
−
k which have
exponentially decaying correlations. In other words, if
we assume that the auxiliary variables ηµ=±k obey the
Ornstein-Uhlenbeck processes
∂ηµk (s)
∂s
=
−ηµk (s) + ξµk (s)
τµk
, (28)
〈ξµk (s)ξµ
′
k′ (s
′)〉 = 2δ(s− s′)δkk′δµµ′ , (29)
with τ+k ≡ 1/ωc, τ−k ≡ τ/k, and the Kronecker delta δij ,
their solutions have the same statistical properties as the
original fluctuation as
〈ηµk (s)ηµ
′
k′ (s
′)〉 = 1
τµk
exp (−|s− s′|/τµk ) δkk′δµµ′ . (30)
Hence, it is possible to consider that the flux φ is driven
by the auxiliary variables ηµk . It is interesting that the
persistent noise (30) plays an important role in active
matter53 as well. The overdamped Langevin equation
with the quantum correction is written as
∂φ(s)
∂s
=− 1
γ
φ(s) +
√
T
γ
η0(s) + ηP(s)
+
∞∑
k=1
√
Tk
γ
[
η+k (s) + iη
−
k (s)
]
, (31)
with Tk = T /((k/τωc)2 − 1). We note that the η−k -term
is purely imaginary because the second term of Eq. (27)
is negative. To summarize, the quantum dynamics of
the QPC-LC coupled system is mapped to the linearly-
coupled Langevin equations with the auxiliary variables.
IV. STATIONARY PDF
In this section, we analyze the stochastic equations
Eqs. (22), (24), (30) and (31) by switching to the Master
equation approach (Appendix C). We denote the prob-
ability density function (PDF) of the quasiclassical LC
circuit54 by P(φ,η, s) with the flux φ, a set of the aux-
iliary variables η, and the rescaled time s. The corre-
sponding Master equation is
∂P(φ,η, s)
∂s
=
1
γ
∂
∂φ
[φP(φ,η, s)] + T
γ
∂2P(φ,η, s)
∂φ2
+ λP
∫
dYW(Y)
(
e−Y
∂
∂φ − 1
)
P(φ,η, s)
+
∞∑
k=1
∑
µ=±
(√
µTk
γ
ηµk
∂
∂φ
+
1
τµk
∂
∂ηµk
[
ηµk +
1
τµk
∂
∂ηµk
])
P(φ,η, s). (32)
6The first line on the RHS of Eq. (32) is identical to the
Master equation in the classical regime. The second line
describes the coupling between the flux φ and the auxil-
iary variables ηµk and the diffusion of the auxiliary vari-
ables.
In the quasiclassical regime where the time constants
and the coupling constants are sufficiently small, i.e.
τµk ≪ 1 and Tk ≪ 1 for an arbitrary natural number
k ∈ N and µ = ±, the Master equation (32) is reduced
to a single-variate Fokker-Planck equation48. The former
condition is compatible with 1≪ ωc and τ ≪ 1. The lat-
ter one further requires the cutoff frequency to filter the
quantum-mechanical energy scale (τωc < 1) so that the
quantum effect remains weak (Tk ≪ 1).
Within this parameter regime, we obtain a perturbative solution around the classical limit as
P(φ,η, s) ≃ exp
[
−
∞∑
k=1
∑
µ=±
τµk (η
µ
k )
2
2
][
P(φ, s) +
∞∑
k=1
∑
µ=±
ηµkN
µ
k (φ, s)
]
. (33)
The coupled Master equations for P(φ, s) and Nµk (φ, s) are given by
∂P(φ, s)
∂s
=
[
1
γ
(
1 + φ
∂
∂φ
)
+
T
γ
∂2
∂φ2
+ λP
∫
dYW(Y)
(
e−Y
∂
∂φ − 1
)]
P(φ, s) +
∞∑
k=1
∑
µ=±
1
τµk
√
µTk
γ
∂Nµk (φ, s)
∂φ
,
(34)
τµk
∂Nµk (φ, s)
∂s
=
[
1
γ
(
1 + φ
∂
∂φ
)
+
T
γ
∂2
∂φ2
+ λP
∫
dYW(Y)
(
e−Y
∂
∂φ − 1
)
− 1
τµk
]
Nµk (φ, s) +
√
µTk
γ
∂P(φ, s)
∂φ
, (35)
respectively. The equation for the steady-state PDF PSS(φ) is given up to the first order in τµk as
0 =

(1 + φ ∂
∂φ
)
+ T ∂
2
∂φ2
+ γλP
∫
dYW(Y)
(
e−Y
∂
∂φ − 1
)
−
[
1−
∑
k
Tkτk
γ
∂2
∂φ2
]−1∑
k
Tk
[
1− τk
γ
]
∂2
∂φ2

PSS(φ),
(36)
with τk ≡ 1/ωc− τ/k. With the Fourier transform of the
steady-state PDF P˜SS(λ) and the cumulant generating
function F˜SS(λ) ≡ ln P˜SS(λ), the stationary solution of
Eq. (36) can be written as
F˜SS(λ) = ln K˜(λ) + F˜clSS(λ). (37)
Here, the second term represents the solution in the clas-
sical limit21 as
F˜clSS(λ) = −
T λ2
2
+ γλP
∫
dYW(Y)
∫ λ
0
dλ′
eiYλ
′ − 1
λ′
.
(38)
The first term on the RHS of Eq. (37) contains the
quantum-correction kernel
K˜(λ) ≡
(
1
1 + θ2λ2
)k
, (39)
with the parameters
θ ≡
(T τ
γ
[ψ (1 + τωc)− ψ(1)]
)1/2
, (40)
k ≡ 1
2
[ T
2θ2
(
1− πτωc
tan (πτωc)
)
− 1
γ
]
. (41)
Here, we have introduced the digamma function
ψ(x) ≡ ddx ln Γ(x) with the gamma function Γ(x) ≡∫∞
0
dt tx−1e−t. The factor of K˜(λ) is determined by
the normalization of the PDF, i.e. P˜SS(0) = 1. The
quantum-correction kernel (39) is identical to the charac-
teristic functional of the difference of the two independent
random variables obeying the identical Gamma distribu-
tion with the scale parameter θ and the shape parameter
k. The parameters θ and k are associated with the am-
plitude and the arrival rate of the quantum fluctuation,
respectively. The quantum correction does not modulate
the mean but the fluctuation of the flux φ. The quantum
correction vanishes in the classical limit, i.e. ln K˜(λ) = 0
for τ = 0.
The kernel K˜(λ) can be Fourier transformed for k > 0
as
K(φ) = 1√
πΓ(k)θ
( |φ|
2θ
)k−1/2
Kk−1/2 (|φ|/θ) , (42)
with the modified Bessel function of the second kind
Kν(z). The stationary PDF with the quantum correc-
tion K(φ) is related with the classical solution as
PSS(φ) =
∫
dφ′K(φ − φ′)PclSS(φ′). (43)
7Thus, the kernel K(φ) characterizes the quantum correc-
tion. This is one of the main results of this paper.
As was discussed in the previous work21, the station-
ary PDF of the classical particle can be utilized to probe
the non-Gaussianity of the athermal environment. This
also holds for the quasiclassical electronic circuit. In our
model, detailed information of the current fluctuation
through the QPC is coded in the statistics of the non-
Gaussian noise via W(Y). The inverse formula to deter-
mine W(Y) from PSS(φ) can be derived with the aid of
Eqs. (37), (38), and (39) as
W(Y) = 1
γλP
∫
dλ
2π
e−iYλ
[
γλP +
(
T + 2kθ
2
1 + θ2λ2
)
λ2
+λ
d
dλ
F˜SS(λ)
]
. (44)
The previous result21 is recovered in the classical limit
because the parameter θ in Eq. (44) vanishes for τ = 0.
The quantum correction is expected to become significant
when the temperature of the LC circuit is comparable to
the variance of the quantum correction (T ∼ 2kθ2).
V. QUANTUM CORRECTION AND
NON-GAUSSIAN NOISE
We discuss the effect of the quantum correction (42)
in the stationary PDF. The stationary PDF PSS(φ) for
the LC circuit without the non-Gaussian noise (TLR = 0)
is shown in Fig. 2. In the absence of the non-Gaussian
noise, the LC circuit is driven by the thermal and quan-
tum fluctuations. We examine the effect of the quantum
FIG. 2. (Color online) The stationary PDF without the
non-Gaussian noise for various values of τ with γ = 2.0, T =
0.01, and ωc = 10. Inset: the τ -dependence of the variance
normalized with its classical value for various values of ωc
with γ = 2.0 and T = 0.01.
fluctuation for various values of the quantum-mechanical
scales τ = 0, 0.01, 0.02, 0.03, 0.04, and 0.05. The am-
plitude of the thermal noise and the cutoff frequency are
T = 0.01 and ωc = 10, respectively. As is shown in Fig.
2, the principal effect of the quantum fluctuation is to
broaden the stationary PDF. The behavior can be qual-
itatively understood as the increase of the temperature
of order 2kθ2. We note that this interpretation is not
perfect because of the λ-dependence of the quantum cor-
rection. The variance of the PDF σ2φ ≡ 〈(φ− 〈φ〉)2〉 nor-
malized with its classical value T is plotted in the inset
for various values of ωc. The cutoff modulates the quan-
tum correction by filtering the quantum fluctuation. The
τ dependence of the variance indicates that the station-
ary PDF is rapidly broadened for large cutoff frequencies.
In particular, the variance runs into half of the classical
one when the quantum-mechanical scale is about twice
the size of the cutoff frequency (1/τ ∼ 2ωc). This implies
that the quantum effect can not be filtered by the cutoff,
and the effective temperature becomes about 1.5 times
as large as the real temperature.
The non-Gaussian noise produced by the electronic
transport through the QPC significantly modifies the
stationary PDF. For simplicity, the transmission coef-
ficient is considered to be so small (TLR ≪ 1) that
the dominant contribution comes from the lowest-order
terms (n = ±1). In the weak-tunneling regime, the non-
Gaussian noise obeys a bidirectional Poisson process7.
The rate parameter λP is reduced to λP = w+1 + w−1,
and the normalized amplitudes of the non-Gaussian noise
take ±1 with probability w±1/λP. The transition rates
w±1 can be directly determined by the current and noise
measurement (see Appendix A for the relations).
With the aid of Eqs. (A1) and (A2), the transition
probability and the rate parameter at zero-temperature
are computed as
w±1
λP
= θ(±eV ), (45)
λP =
TLR
2π
e|V |
~Ω
, (46)
respectively. The sign of the non-Gaussian noise solely
depends on that of the bias voltage because electrons
flow unidirectionally due to the Fermi statistics. In the
presence of the bias voltage V , an attempt rate of an
electron-emission event is estimated as e|V |/2π~Ω in the
unit time. The rate parameter is given by the prod-
uct of the attempt rate and the transmission coefficient
TLR. The stationary PDF for the LC circuit coupled to
the QPC in the shot noise regime (2π~ΩβQPC = 10
3 and
eV/2π~Ω = 103) is shown in Fig. 3 for various values of τ .
The rate parameter for TLR = 4 ·10−6 (TLR = 1.6 ·10−5)
is computed as λP ≃ 0.004 (λP ≃ 0.016), which is slightly
smaller than the variance of the thermal noise (T = 0.02).
The non-Gaussian noise induces the shift and asymmetry
of the PDF; it has a long tail for the positive region of
φ. The characteristic step around φ ≃ 1 originates from
the unidirectional single-electron-transfer process which
8FIG. 3. (Color online) The stationary PDF for the LC
circuit coupled to the QPC at large bias voltages. The solid
(dashed) lines correspond to TLR = 4·10
−6 (TLR = 1.6·10
−5),
and the other parameters are given by γ = 2.0, T = 0.02,
ωc = 10, 2pi~ΩβQPC = 10
3, and eV/2pi~Ω = 103. Inset: the
dependence of the skewness (dashed lines) and the kurtosis
(solid lines) on λP for corresponding values of τ .
is dominant in the weak-tunneling regime at high-bias
voltages. We note that the precise location of the step
is not universal because it depends on the coupling con-
stant α and the friction coefficient γ via the normaliza-
tion of the flux. However, the presence of the charac-
teristic step clearly shows that the flux of the LC cir-
cuit can detect the microscopic electron-transfer events
in the QPC. The quantum correction smoothens the non-
Gaussian structures of the PDF. The behavior is also
confirmed by the skewness 〈(φ− 〈φ〉)3〉/σ3φ and the kur-
tosis 〈(φ− 〈φ〉)4〉/σ4φ − 3), which are plotted in the inset
as the dashed and solid lines, respectively. Neverthe-
less, the τ -dependence is weak around φ ≃ 1, where the
non-Gaussian-noise is dominant over the quantum fluc-
tuation.
The QPC at finite temperatures can produce the non-
Gaussian noise even without the bias voltage because of
its nonlinear coupling to the LC circuit. The transition
probability and the rate parameter are computed as
w±1
λP
=
1
2
, (47)
λP =
TLR
π~ΩβQPC
, (48)
respectively. The non-Gaussian noise with positive and
negative amplitudes is generated with the same proba-
bility because the current through the equilibrium QPC
is bidirectional and unbiased. The rate parameter is
proportional to the product of the temperature and
the transmission coefficient. The stationary PDF for
2π~ΩβQPC = 10
−3 is shown in Fig. 4 as the solid lines
FIG. 4. (Color online) The stationary PDF for the LC circuit
coupled to the equilibrium QPC at finite temperatures. The
solid (dashed) lines correspond to TLR = 4 · 10
−6 (TLR =
1.6 · 10−5). Inset: the dependence of the kurtosis on λP for
corresponding values of τ . Parameters: γ = 2.0, T = 0.02,
ωc = 10, 2pi~ΩβQPC = 10
−3, and eV/2pi~Ω = 0.
(TLR = 4 ·10−6) and the dashed lines (TLR = 1.6 ·10−5).
The rate parameter is estimated as λP ≃ 0.008 and
λP ≃ 0.032 for each case. In contrast to the high-bias
case shown in Fig. 3, the stationary PDF exhibits the
characteristic structures in both the positive and nega-
tive sides around φ ≃ ±1. This is because the stationary
PDF reflects the forward and backward electron-transfer
processes which are allowed in the unbiased QPC. The
FIG. 5. (Color online) The transition of the stationary PDF
from the non-Gaussian distribution to the Gaussian one for
large values of TLR. The solid and dashed lines correspond to
τ = 0.05 and τ = 0, respectively. The other parameters are
the same as in Fig. 4.
9non-Gaussian structures are smoothened by the quan-
tum fluctuation as is the case in Fig. 3. The reduction of
the non-Gaussianity by the quantum fluctuation is also
confirmed in the kurtosis plotted in the inset.
The stationary PDF approaches Gaussian as the rate
parameter λP is larger: If the arrival interval of the in-
termittent noise is much shorter than the decay time,
it is piled up to be Gaussian. The stationary PDF for
the relatively large values of the transmission coefficient
is shown in Fig. 5. The solid lines are the stationary
PDF in the presence of the non-Gaussian noise and the
quantum fluctuation (τ = 0.05), while the dotted lines
correspond to the classical limit (τ = 0). The rate pa-
rameters are approximately evaluated as λP ≃ 0.008,
0.05, 0.2, 0.8, and 1.8. The characteristic steps around
φ ≃ ±1 are smoothened as λP increases. Moreover, the
quantum correction becomes less relevant when the non-
Gaussian noise plays a dominant role in determining the
PDF. These behaviors are consistent with the reduction
and the τ independence of the non-Gaussianities, i.e. the
skewness and the kurtosis, shown in the insets of Figs. (3)
and (4) for T ≪ λP.
Finally, we consider the inverse problem to estimate
the transition rates w±1 from the stationary PDF PSS(φ)
by using the inverse formula (44). The stationary PDF
for the LC circuit coupled to the QPC at finite temper-
ature (2π~ΩβQPC = 0.001) and at finite bias voltages is
plotted in Fig. 6. The solid and dashed lines correspond
to eV/2π~Ω = 100 and 1000, respectively. The bias volt-
age introduces asymmetry of the PDF by modulating the
FIG. 6. (Color online) The stationary PDF for the LC circuit
coupled to the QPC at finite temperature and at bias voltages.
The solid (dashed) lines correspond to eV/2pi~Ω = 100 (1000).
Inset: the logarithm of the ratio w+1/w−1 estimated by the
inverse formula (44). We have obtained the solid curves by
properly incorporating the quantum-correction term, which is
neglected in the dashed lines. Parameters: γ = 2.0, T = 0.02,
ωc = 10, TLR = 4.0 · 10
−6, and 2pi~ΩβQPC = 0.001.
transition rates w±1. Nevertheless, the transition rates
must be rigidly related with each other as
ln
(
w+1
w−1
)
= eV βQPC, (49)
because of the fluctuation theorem (Appendix A). The
logarithm of the ratio estimated with the inverse for-
mula (44) is plotted in the inset of Fig. 6 as solid lines.
They are on top of each other and perfectly agree with
the theoretical prediction (49). In general, the transi-
tion rates which are estimated without the quantum-
correction term in Eq. (44) are no longer correct. In
order to see how important the quantum-correction term
is in the estimation procedure, we have estimated the
ratio by deliberately neglecting the quantum-correction
term. The estimated ratio is plotted as dashed lines in
the same inset for various values of τ . While the curve
for the classical limit (τ = 0) is consistent with the fluc-
tuation theorem, the ratio gradually deviates from the
correct value for larger τ . This result indicates that the
quantum correction is important to correctly estimating
the transition rate by the inverse formula.
VI. SUMMARY AND DISCUSSION
In this paper, we have studied a dissipative LC circuit
inductively coupled to a quantum point contact (QPC).
Under the assumption that the QPC dynamics is much
faster than the dynamics of the dissipative circuit, the
system can be considered as a quantum Brownian parti-
cle driven by the non-Gaussian noise: the quantum na-
ture of the dissipative circuit becomes relevant at low
temperature, while instantaneous current through the
QPC generates non-Gaussian fluctuation in the circuit.
The quantum fluctuation of the LC circuit at inverse tem-
perature β is controlled by the quantum-mechanical scale
τ = β~Ω/2π and the Drude cutoff frequency ωc = ωD/Ω
with the resonant frequency Ω. We have evaluated the
quantum correction of the steady-state probability den-
sity function (PDF) in the quasiclassical regime, where
the quantum fluctuation remains week as τ < 1/ωc ≪ 1.
The quantum fluctuation is found to smoothen the non-
Gaussian structure of the stationary PDF by effectively
increasing the temperature. Nevertheless, the inverse for-
mula, which is useful to infer the non-Gaussian noise from
the stationary PDF, can be extended to the classical-
quantum crossover regime. The numerical results indi-
cate that the quantum correction is essential to correctly
estimate the statistical property of the non-Gaussian
noise with the inverse formula.
The present system is closely related to the detection
of the full counting statistics in quantum conductors5,6.
The inverse formula obtained in this paper is useful to de-
termine the current distribution from the stationary PDF
of the detector circuit in the classical-quantum crossover
regime. It is promising to use the formula for coher-
ent quantum conductors such as Aharonov-Bohm rings8
10
and superconductors55. We note that out formula is cru-
cially based on the assumption that the characteristic
time scales of the subsystems are well separated from
each other. It is necessary to go beyond the quasista-
tionary approximation to detect the current fluctuation
in the dynamical regime56,57. In addition, excitations
in the electromagnetic environment significantly modify
the transport through the mesoscopic conductor in the
quantum regime, which is referred to as the dynamical
Coulomb blockade phenomena58. It is an important fu-
ture work to fill the gap between our quasiclassical anal-
ysis and various quantum approaches to treat such pure
quantum cases. An effective LC circuit whose resonant
frequency is of few GHz is experimentally realized with a
superconducting device59. The quantum correction stud-
ied in this paper comes into play at sub-Kelvin temper-
atures.
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Appendix A: Transition rates
The lowest-order terms of the transition rate (13) are
given by
W+1 = ~TLR
∫
dω
2π
(1− fR(ω))fL(ω)
=
TLR
2π
eV
1− e−eV βQPC , (A1)
W−1 = ~TLR
∫
dω
2π
fR(ω)(1 − fL(ω)),
=
TLR
2π
eV
eeV βQPC − 1 . (A2)
The rate W+1 (W−1) is proportional to the probability
for an electron to be transmitted from the left (right)
lead to the right (left) one.
The transition rateWn is directly related to the current
fluctuations in the QPC. According to the full counting
statistics, the higher order cumulants of the current fluc-
tuation are generated by introducing the counting field5
χ in the hopping amplitude. If we expand the QPC
action in terms of the transmission amplitude and the
counting field as
iSQPC(χ) ≃
[
W+1
(
eieχ − 1)+W−1 (e−ieχ − 1)]
= (W+1 −W−1) (ieχ) + (W+1 +W−1) (ieχ)2
+ O(χ3), (A3)
the current and current noise in the QPC are related to
the transition rates Wn as
I =
e
~
(W+1 −W−1) , (A4)
S =
e2
~
(W+1 +W−1) , (A5)
respectively.
The forward and backward processes represented by
the transition rates W±n are mutually related via
the fluctuation theorem7. With the aid of the QPC
action (13) and the identity fL(ω)(1 − fR(ω)) =
eβQPCeV fR(ω)(1 − fL(ω)), it is straightforward to prove
the symmetry of the non-Gaussian characteristic func-
tional
χNG[Φ
q] = χNG
[
−Φq + i~V βQPC
α
]
. (A6)
This relation imposes the detailed balance of the transi-
tion rates
Wn = W−ne
neV βQPC , (A7)
for n ∈ Z.
Appendix B: Relation with the Langevin equation
The Gaussian noise ηG can be introduced with the
Hubbard-Stratonovich transformation
exp [−ϕqνϕq] =
∫
DηG exp
[
−1
4
ηGν
−1ηG + iϕ
qηG
]
,
(B1)
where the statistical property of the auxiliary field ηG is
determined by the noise kernel ν as
〈ηG(s)ηG(s′)〉 = 2ν(s− s′). (B2)
If we apply the Hubbard-Stratonovich transformation in
the classical limit, the partition function becomes
Z =
∫
DϕclDϕqDη0χNG[ϕq] exp
[∫
ds
(
− γ
4T
η20(s)
+iϕq(s)
[
−∂ϕ
cl(s)
∂s
− ϕ
cl(s)
γ
+ η0(s)
])]
, (B3)
with the thermal noise η0.
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Appendix C: Derivation of the Master equation
We derive the Master equation from the action (26) in
the classical limit. The starting point is the discretized
action
S =
∑
j
[
−φqj
[
φj − φj−1 + 1
γ
δtφj−1
]
+ i
T
γ
δt
(
φqj
)2
−iδtλP
∫
dYW(Y)
(
eiYφ
q
j − 1
)]
. (C1)
The time stride is denoted by δt, and the bosonic fields
are abbreviated as φ
(q)
j ≡ φ(q)(jδt). The PDF at the jth
step is defined in the functional representation as
Pj ≡ Πj−1i′=1Πji′′=1
∫
Dφi′Dφqi′′eiS[φ,φ
q]. (C2)
The PDF Pj is related with Pj−1 up to the first order
in δt as
Pj ≃
∫
DδφDφq
[
1− iδt
γ
φq (φ− δφ)
+ δtλP
∫
dYW(Y)
(
eiYφ
q
j − 1
)]
× exp
[
− ( δφ φq )( 0 i/2
i/2 Tγ δt
)(
δφ
φq
)]
Pj−1,
(C3)
with φ ≡ φj , δφ ≡ φj − φj−1, and φq ≡ φqj . The PDF at
(j − 1)th step Pj−1 can be further expanded as
Pj−1 = P [φ− δφ, tj − δt],
≃
∞∑
m=0
(−δφ)n
n!
∂nPj
∂φn
− δt ∂Pj
∂t
. (C4)
The functional integration in Eq. (C3) can be per-
formed term by term by using the Wick’s theorem with
the Gaussian weight
exp
[
− ( δφ φq )( 0 i/2
i/2 Tγ δt
)(
δφ
φq
)]
. (C5)
If we denote the expectation value of the quantity O by
〈O〉, the two-point correlation functions are given by
〈δφδφ〉 = 2T
γ
δt, (C6)
〈δφφq〉 = 〈φqδφ〉 = −i, (C7)
〈φqφq〉 = 0. (C8)
The first line in Eq. (C3) leads to the Fokker-Planck
terms48 with the aid of the relations
〈Pj−1〉 ≃ Pj + 1
2
〈δφδφ〉∂
2Pj
∂φ2
− δt ∂Pj
∂t
≃ Pj + T δt
γ
∂2Pj
∂φ2
− δt ∂Pj
∂t
, (C9)
and
〈φq (φ− δφ)Pj−1〉 ≃ −〈φqδφ〉φ∂Pj
∂φ
− 〈φqδφ〉Pj
≃ i∂ (φPj)
∂φ
. (C10)
The non-Gaussian term in Eq. (C3) can be evaluated as
δt
∞∑
k=1
∞∑
l=0
(iY)k (−1)l
k!l!
〈(φq)k (φ)l〉∂
lPj
∂φl
≃ δt
∞∑
k=1
(−Y)k
k!
∂kPj
∂φk
≃ δt
(
e−Y
∂
∂φ − 1
)
Pj , (C11)
up to the leading order in δt. We note that the cross
correlation is O(1) while the auto-correlations are zero or
higher order terms in δt [see Eqs. (C6), (C7), and (C8)].
This requires the classical components to be contracted
with the quantum components of the same number (k =
l). The number of the combination of contracting φq
with φ is l!, which is canceled with the denominator in
the first line.
Collecting the Fokker-Planck terms and the non-
Gaussian term in the limit δt → 0, we can derive the
Master equation
∂P(φ)
∂t
=
1
γ
∂ (φP(φ))
∂φ
+
T
γ
∂2P(φ)
∂φ2
+ λP
∫
dYW(Y)
(
e−Y
∂
∂φ − 1
)
P(φ). (C12)
It is straightforward to generalize these discussions to the
multivariate case.
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